Abstract. The conditions for sequences {f k } ∞ k=1 and {g k } ∞ k=1 being Bessel sequences, frames or Riesz bases, can be expressed in terms of the so-called cross-Gram matrix. In this paper we investigate the cross-Gram operator, G, associated to the sequence { f k , g j } ∞ j,k=1 and sufficient and necessary conditions for boundedness, invertibility, compactness and positivity of this operator are determined depending on the associated sequences. We show that invertibility of G is not possible when the associated sequences are frames but not Riesz Bases or at most one of them is Riesz basis. In the special case we prove that G is a positive operator when {g k } ∞ k=1 is the canonical dual of {f k } ∞ k=1 .
INTRODUCTION
The fundamental operators in frame theory are the synthesis, analysis and frame operators associated with a given frame. The ability of combining these operators to make a sensitive operator is indeed essential in frame theory and its applications. Time-invariant filters', i. e. convolution operators, are used frequently in applications. These operators can be called Fourier multipliers [4, 7] . In the last decade Gabor filters which are beneficial tools to perform time-variant filters have very strong applications in psychoacoustics [3] , computational auditory scene analysis [13] , and seismic data analysis [8] . For more information on these operators we refer to [1, 6, 12] . In this paper for given two Bessel sequences {f k } ∞ k=1 and {g k } ∞ k=1 , the synthesis operator of the sequence {f k } ∞ k=1 with the analysis operator of the sequence {g k } ∞ k=1 is composed and a fundamental operator is generated. This operator is called the cross-Gram operator associated with the sequence { f k , g j } ∞ j,k=1 [2, 10] . This paper concerns this question that when can sequences {f k } . Let H be a complex Hilbert space. A frame for H is a sequence {f k } ∞ k=1 ⊂ H such that there are positive constants A and B satisfying
The constants A and B are called lower and upper frame bounds, respectively. We call {f k } in (1.1). Associated with each Bessel sequence {f k } ∞ k=1 we have three linear and bounded operators, the synthesis operator:
the analysis operator which is defined by:
, and the frame operator:
is a Bessel sequence, we can compose the synthesis operator T and its adjoint T * to obtain the bounded operator
Therefore the matrix representation of T * T is as follows: 
is the canonical orthonormal basis for ℓ 2 (N), the jk-th entry in the matrix representation for
Therefore the matrix representation of T * g k T f k is as follows:
and {g k } ∞ k=1 [2, 10] . In the special case that the sequences {f k } ∞ k=1 and {g k } ∞ k=1
are biorthogonal, the cross-Gram matrix is the identity matrix. The above discission shows that the cross-Gram matrix is bounded above if {f k } ∞ k=1
and {g k } ∞ k=1 are Bessel sequences. The following example shows that the inverse of the above assertion is not valid, in other words, the cross-Gram matrix associated to two sequences can be well-defined and bounded in the case that one of the sequences is not Bessel.
is the orthonormal basis for a Hilbert space
simple calculation shows that the cross-Gram matrix associated to these sequences is the identity matrix, but {g
is not a Bessel sequence. Definition 2.2. Let U be an operator on a Hilbert space H, and suppose that E is an orthonormal basis for H. We say that U is a Hilbert-Schmidt operator if
is a Bessel sequence with bound B ′ . Assume that there exists M > 0 such that
is a well-defined, bounded and compact operator.
By above assertion,
and therefore G is well-defined and bounded. Now suppose that {e k } ∞ k=1 is the canonical orthonormal basis for ℓ 2 (N). Then
Therefore G is a Hilbert-Schmidt operator and so is compact [9] . 
Therefore G is a Hilbert-Schmidt operator and so is compact.
will be called norm-bounded above or NBA, (resp. norm-bounded below or NBB). 
Via (2.1) applied to the elements of the canonical orthonormal basis of ℓ 2 (N), we have
Since {g k } ∞ k=1 is a frame for H, by (2.2) we have
(ii) By assumption there exist
Similar to above discussion, since {g k } ∞ k=1 is a Bessel sequence, for each k ∈ N, via (2.4) applied to the elements of the canonical orthonormal basis of ℓ 2 (N), we have
(iii) Since G is well-defined and bounded above there exists M ′′ > 0, such that
is an orthonormal basis for H, there exist a sequence {c k } ∈ ℓ 2 (N), such that for each f ∈ H we have
Now by (2.6) we have 
is an injective operator and we have
and we get the result.
is a Riesz basis, T * g k is a bijective operator. Therefore for a given sequence
. Also by assumption T f k is a surjective operator and there exists
and so is an orthonormal basis of H. For every k, j ∈ N we have f k , g j = U e k , W e j = W * U e k , e j .
i. e., the cross-Gram matrix associated to {f k } 
Proof. Suppose that G is the cross-Gram operator associated to
are frames for H, T f k and T g k are bounded and surjective operators. Now we want to show that T f k is an injective operator. For the given sequences
and therefore T f k is an injective operator and so {f k } ∞ k=1 is a Riesz basis for H. Now we want to show that T g k is also a bijective operator. Since
, which shows that T * g k is a surjective operator. Therefore {g k } ∞ k=1 is a Riesz basis for H. 
We obtain that det(G) = 0 and so G is not invertible. 
is a Riesz basis, T f k has a bounded inverse and we can write
Therefore T * g k is an invertible operator and we deduce that {g k } ∞ k=1 is a Riesz basis for H.
(ii) In order to show that {g k } ∞ k=1 is a frame for H it is enough to prove that T g k is a surjective operator. Since
, and therefore we can write T *
. Now by the invertibility of G we deduce that
. Hence we get the proof. 
) is a dual pair if for any f ∈ H one of the following equivalent conditions holds: . Then for every f ∈ H,
Since G is a bounded operator with bound M , for
Now for each f ∈ H, by (3.1) and (3.2) we have
which is a contradiction. Therefore we get the proof. Proof. Since G is the cross-Gram operator associated to { f k , S −1 f j } ∞ j,k=1 , we have
Therefore G is self-adjoint. Now we show that G is a positive operator. For {c k } ∞ k=1 ∈ ℓ 2 (N) we have The canonical dual frame is given by which shows that G is a positive operator and G 2 = G.
